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We study the averaged action of the Randall-Sundrum model with a time dependent metric ansatz. It can
be reformulated in terms of a Brans-Dicke action with time dependent Newton’s constant. We show that the
physics of early universe, particularly inflation, is governed by the Brans-Dicke theory. The Brans-Dicke scalar,
however, quickly settles to its equilibrium value and decouples from the post-inflationary cosmology. The
deceleration parameter is negative to start with but changes sign before the Brans-Dicke scalar settles to its
equilibrium value. Consequently, the brane metric smoothly exits inflation and late time cosmology is of the
FRW type.
I. INTRODUCTION
The quest to explore physics beyond the Standard Model (SM) has, in the past couple of years, been dominated by the ideas
that space time is of a dimension larger than four and that we are essentially confined to a 4-dimensional hypersurface thereof.
Although such suggestions go back to the work of Rubakov and Shaposhnikov [1, 2], the present interest has been occasioned
by the recognition that such solitonic hypersurfaces (or branes) abound in string theory. While an exact and viable low-energy
realization of string theory is still some way off, considerable excitement has been aroused by the prospect of explaining the
embarassing gap between the electroweak scale MW and the Planck scale (MP, MP/MW  1016) by invoking the presence
of such extra dimensions [3–7]. What is particularly new of such models is that the ordinary matter is confined to our four-
dimensional brane while the gravity propagates in the whole spacetime.
These models can be broadly divided into two sets. The first, stimulated primarily by the papers of Arkani-Hamed et al. [3–5]
(ADD)(see also [8]), invokes large (possibly sub-mm) new spatial dimensions transverse to the SM brane, with the higher-
dimensional metric being factorizable and essentially flat. With such a construction in place, it can be shown that the fundamental
gravitational scale could be close to the TeV scale, with the aforementioned hierarchy being explained by the large volume of
the compactified dimensions.
Subsequently, Randall and Sundrum [6,7] introduced an important variation, wherein the directions parallel and transverse to
the branes do not factorize into a product space. An immediate consequence is that the 4-dimensional graviton wavefunction has
a non-trivial dependence on the transverse coordinate(s). If this dependence is of the ‘correct’ form, the bulk (i.e. higher dimen-
sional) graviton would be localized away from the brane that we live on, resulting in a suppression of gravitational interactions
in our world. While such ‘warped’ compactifications had already been considered in the literature [2, 9] it was only after RS
incorporated the modern brane idea, that the activity started in right earnest.
The fact that the RS models have far less striking phenomenological consequences (especially in collider experiments or
in astrophysical contexts) as compared to the those for ADD models could have been expected to lead a gradual dissolution
of interest in such models. That this has not been the case is, to a great extent, due to the fact that RS-models are perhaps
more easily embeddable in supergravity and superstring compactifications [10, 11]. A particular example is afforded by the
heterotic M theory, whose field theory limit is the 11-dimensional supergravity compactified on S1/Z2 with Yang-Mills, albeit
supersymmetric, fields living on the two boundaries [10]. Furthermore, on account of their warped geometry, the RS models are
able to resolve the SM hierarchy problem without needing to introduce large dimensions (a hierarchy problem in itself). At a
more prosaic level, it has been argued that the early universe evolution of the RS models is dramatically different from that of
standard FRW cosmology. It is this aspect that we intend to focus on in this artcle.
As is well known, Big Bang cosmology, while successful in answering many questions, leaves many others unanswered.
Prominent amongst these are the flatness problem, the observed low density of monoples and the horizon problem. Theories
with inflation (a period in the distant past characterized by an exponential growth of the scale factor) offer solutions to all of
these, and in fact are the only ones to do so. Inflation, however, is associated with its own set of problems. Primary amongst
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these is the generation of a correct (scalar) potential that would drive inflation, and equally importantly, the mechanism of a
noncontrived exit of the universe from an inflationary phase to one with an FRW cosmology. This graceful exit problem has
been plaguing both cosmologists and string theorists with no simple solution in sight. Naturally questions such as this reside at
the core of our investigations.
The cosmological implications of models with extra dimensions have been discussed by many authors [12–14]. Inflationary
solutions were obtained for both flat bulk geometry [15], as well as for a AdS bulk geometry [16–20]. Inflation, in our model,
occurs though in a novel way. To be specific, we use the dynamics of the warp factor to drive inflation. Starting from the
effective four-dimensional action, recast in terms of the variables of the negative tension brane, we find that, after some field
redefinitions, it could be interpreted as an action for scalar-tensor gravity. Solving the consequent equations of motion, we find
that the evolution is governed by an initial exponential inflationary phase followed by a decelerating phase at the end of which
the radion stabilises at its present day value. In other words, the exit is indeed graceful. Since the warp factor itself is the
‘inflaton’ in this theory, neither the adequate growth of the scale factor nor the exit demands any unnatural tuning of parameters.
In section II, we will show that the averaged four dimensional action obtained by integrating out the fifth dimension y [20],






In section III, we obtain a solution to the Brans-Dicke equations of motion. Solution to the equations of motion is such that the
Brans-Dicke (BD) scalar rapidly approaches its equilibrium value. The universe on the visible brane, which is also known as the
standard model brane, undergoes exponential inflation during this time. As the scalar settles down to its equilibrium value, its
equations of motion decouples and we effectively get four dimensional Einstein equations. We also study the behaviour of the
deceleration parameter. We find that it is negative at early times but that its sign changes well before the BD scalar stabilizes.
This, in turn, implies that the universe on the visible brane exits the inflationary era. As a consequence, the equations of motion
for late-time cosmology turn out to be identical to the Friedman-Robertson-Walker (FRW) equations of motion.
II. BRANS-DICKE GRAVITY ON THE BRANE
The Randall-Sundrum model that we will be interested in this paper consists of five dimensional Einstein gravity with negative
cosmological constant and two 3-branes located at the fixed points of the orbifold S1/Z2. We parametrize the orbifold direction
y in such a way that the orbifold fixed points are at y = 0 and at y = 1/2 where the positive tension and negative tension branes















−g(−)(L− − V −) (II.1)
where GMN (M, N = µ, y) is the five dimensional bulk metric, R is the five dimensional Ricci scalar and  is the cosmological
constant in bulk, M is five dimensional Planck mass. The four dimensional metrics g(+)µν and g(−)µν , relevant to the positive and
negative tension brane respectively, can be expressed in terms of GMN as
g(+)µν = Gµν(x
µ, y = 0), g(−)µν = Gµν(x
µ, y = 1/2). (II.2)
This restriction can be implemented through delta-functions which fix the locations of two 3-branes. While L+ and L− are
the Lagrangians for the matter fields confined to the positive and negative tension branes respectively, V  correspond to the
associated brane tensions.
Equations of motion, in the absence of matter on either brane, are solved for the metric
ds2 = e−2m0rcjyj(ηµνdxµdxν) + r2cdy
2, (II.3)
provided the brane tensions and the bulk cosmological constant are related through
V + = −V − = 12m0M3,  = −12m20M3 . (II.4)
‡Our metric signature is (−,+,+,+,+).
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This metric, as is well known by now, gives rise to an exponential hierarchy between the natural mass scale on the positive
tension brane and that on the negative tension brane. For an appropriate choice of m0rc, it is possible to generate the Planck
mass Mp on the negative tension brane to be of the order of 1019 GeV starting from a bulk energy scale of about a few TeV.
What is of prime interest is that the resolution of the hierarchy (between the four dimensional Planck mass and the electroweak
scale) does not necessitate choosing unnaturally small or big small values for any of the parameters in the theory.
We would like to see what kinds of cosmological models we can accomodate in this scenario. Since our purpose is to
study cosmological evolution, we will consider a new ansatz for the metric where the metric components are functions of the
coordinate y as well as functions of time t. We will consider only a minimal modification of the RS static brane ansatz to
accomodate temporal dependence. In other words, we now have
ds2 = e−2m0b(t)jyj [gµνdxµdxν ] + b2(t)dy2 (II.5)
where
gµν = diag
(−1, a2(t), a2(t), a2(t) . (II.6)
Clearly, this choice is such that when b(t)! const. = b0 and a(t)! const. = 1, we recover the static RS solution.
The metrics on the two branes can be readily obtained from this ansatz:




It is worth pointing out that the metric on the negative tension brane is related to that on the positive tension brane by a conformal
transformation. This has an interesting consequence for brane inflation, which we will discuss in the next section. We can now
use this ansatz to determine equations of motion for a(t) and b(t). To get these equations let us first substitute (II.5) and (II.6)























where, κ2 = 1/2M3 and Ωb = e−m0b(t)/2. We have ignored the matter term in the positive tension brane but have considered
one on the negative tension where our observable universe resides. A straightforward calculation shows that the action (II.8) can























d4xa3L−Ω4b is the matter action on the negative tension brane. Notice that R4(a) is a Ricci scalar derived from the
metric gµν given in equation (II.6). From equation (II.7), it is, therefore, obvious that R4(a) = R(+)4 (a). The four dimensional



















+ SM , (II.11)




= [M (+)pl ]
−2 corresponds to the Newton’s constant on the positive tension brane. This action governs
evolution of the positive tension brane. We, however, are interested primarily in our (negative tension) brane. To study the
cosmology in our universe, we need to determine the effective four dimensional action on the negative tension brane. Let us
parametrize the metric on the negative tension brane by
g(−)µν = [−1, Y 2(τ), Y 2(τ), Y 2(τ)] , (II.12)
where τ is the new time coordinate on the negative tension brane. From eq.(II.7), it is easy to see that τ is related to the time t
on the positive tension brane through
dτ = e−m0b/2dt, Y = e−m0b/2a . (II.13)
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+ SM , (II.14)
where SM =
R
d3xdτY 3(τ)L− is the action on the negative tension brane in the new coordinate system and prime denotes
differentiation with respect to the argument, i.e., τ .





















+ S(−)M , (II.16)
where q
−g(−)(τ) = Y 3(τ), (II.17)
R
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The action (II.14), rewritten as in (II.16), corresponds to a generalised BD theory [21], where the BD parameter ω is a function
of the BD scalar field φ. A few comments are in order at this point. Recall that the function Ωb is instrumental in providing
the resolution of the large mass hierarchy between the electroweak scale and the four dimensional Planck scale. This can be
achieved only if Ωb takes very small value (of o(10−16)). It is, therefore, clear from (II.15) that typical values that αφ should
take, to conform to the expected behaviour of Ωb, will be quite large (of o(1016)). An immediate implication of this is that ω(φ)
stays mostly in the vicinity of −3/2. This, though, seems to be in direct conflict with astronomical observations (particularly
the Solar system experiments [22]) which require jωj > 3000. We will, however, see in the next section that our solution to the
equations of motion are such that the Brans-Dicke scalar stabilizes to its equilibrium value well within the inflationary epoch.
Late time evolution is, therefore, governed by the standard FRW cosmology and the apparent problem described above ceases
to bex.
III. INFLATION AND GRACEFUL EXIT
The four dimensional averaged action for the RS field, as we saw in the previous section, gives us the Brans-Dicke action
with a specific form for ω(φ) given in (II.19). In this section we will write down the equations of motions and obtain a solution
to these equations of motion. As mentioned in the last section, the solution we wish to seek is the one which, in the static
limit, reduces to the Randall-Sundrum solution. While preserving the solution to the hierarchy problem on the visible brane, this
still leaves open the possibility of interesting phenomena in early cosmology. Before we venture to obtain the solution to the
equations of motion, we would like to point out that, as in the Brans-Dicke theory, the effective Newton’s constant in this case


















= em0bM (+)pl (III.2)
§Some of these results are similar to those obtained by Chiba [23] in the static metric limit.
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The relation between M ()pl is the same as obtained by RS and serves to explain the hierarchy between the energy scales. To
have the right size for this ratio, one needs have m0b0  70 where b0 is the stabilised value of the radion b. In other words, for
the stabilised situation, Ωb0 is a very small number. As the time variation of b(τ) is not too large, this, in turn means that Ωb is
very small for all reasonable values of the cosmic time τ . Equation (III.3) then implies that αφ is large (αφ 1), and in (II.19),




In the subsequent calculations, we may safely assume this approximate value of ω to be valid for all practical purposes. We
will also ignore the matter terms in the negative tension brane for our calculations. Since we are primarily interested in evolution
at a very early epoch, where matter energy density is relatively small, this approximation is hardly a drastic one.












,µ;ν − gµν2φ], (III.4)
(2ω + 3)2φ = T, (III.5)
where T is the trace of energy momentum tensor Tµν of the matter fields on the brane. Neglecting the matter fields on the brane






















where H = Y
′
Y . It can be easily seen that the wave equation for the BD scalar field (III.5) is satisfied identically in this case.
Equations (III.6) admit inflationary solution of the type
H = H0 exp(−βτ) (III.7)
φ0
φ
= −2H0 exp(−βτ) (III.8)
where H0 and β are arbitrary positive constantsyy. The solutions for the scale factor and the scalar field can be obtained by once
integrating the equations (III.7) and (III.8), viz.,















− 1 = β
H0
exp(βτ) − 1. (III.11)
For β < H0, the deceleration parameter is negative at early time resulting in inflation. However, at time τf = β−1 ln(H0/β), it
crosses over and becomes positive for τ > τf . This signals the end of the inflation and the beginning of the decelerating phase.
∗∗Brans-Dicke type of action in various dimensions can be obtained from the low energy limit of string theory. The solitonic p = d−1 brane
solutions to these theories in D space-time dimensions can be obtained if the effective BD action (II.16) has ω given by by [24]
ω = − (D − 1)(d− 2)− d
2
(D − 2)(d− 2)− d2
In four dimesnion (D=4), ω = − 3
2
for instanton (p = −1).
††For other interesting cosmological solutions to the Brans-Dicke gravity with this behaviour of the scalar and the scale factor and with the
late time acceleration in the presence of a potential for the BD scalar, see ref. [25].
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The value of φ at which q vanishes is given by φexit = φ0 e2. Thus we see that the exit from inflation occurs well before φ settles
down to its equilibrium value φ0. This feature is a cornerstone of our scenario. Such a behaviour of the decelerating parameter
would remain unaltered even if φ has a nontrivial potential as long as it allows a slow roll in the initial stages and then falls into
a minimum at some φ = φ0. We will have more to say about the radion potential later in this section.





e−βτi − e−βτf  (III.12)
where, τi is the time of onset of the inflation and τf , defined earlier, gives the time of exit. The arbitrary constants H0 and β can
be chosen appropriately to give the right amount of inflation.
There exists another integration constant which is not fixed by the model namely the stabilised value φ0 for the Brans-Dicke
scalar. We see, from equation (III.8) and (III.10), that the BD scalar field decreases rapidly with time and quickly reaches the
constant value φ0. Using this information, it is easy to see that eq.(III.4) reduces to Einstein’s equation at late times. The constant
φ0 is to be determined by demanding that the right value for Newton’s constant (GN ) is obtained. Now, from equation (III.1),
we can write
exp (m0b) = 1 + αφ  αφ (III.13)
since αφ  1. Hence, the radion field b(t), which is nothing but the distance between the two branes, gets stabilised with
time as φ approaches φ0. Although it may appear that we have managed to stabilise the brane system dynamically, this is not
quite true. As we have already mentioned, the parameter φ0 is essentially an integration constant and, within our model, there
is no way we can fix it to any particular value. This freedom of choosing the value of φ0 can be traced back to the original
proposal of Randall and Sundrum. The remedy is to work with the stabilised brane system. There are several proposals for
stabilization of the brane system (e.g. [26, 27]) and it would be interesting to examine the sensitivity of our model to the details
of the stabilization mechanism.
We now return to an important observational consequence of our scenario. The result ω  −3/2 seems to run counter to
the findings of the Solar system experiments [22]. However, it needs to be realized that this model goes over smoothly to FRW
cosmology at early times itself. With φ assuming a constant value (G−1N ) at late times, it essentially decouples from the equations
of motion (see III.4). Thus, it no longer mediates any force—at least classically— and hence plays no role in observables such
as those considered in Ref. [22]. It might be argued though that this line of reasoning depends crucially on our having ignored
the matter energy density and pressure. Once the variation of the BD scalar field φ becomes negligible with time and particle
creation processes take over, such terms may well become dominant. Of course, the actual process of matter creation, which
takes place primarily through the processes of reheating and cooling, depends on the details of the radion potential as well as
the radion couplings to the SM particles. The latter, however, become relevant only at very late times, and even then are not
of a sufficiently large magnitude to significantly alter the aforementioned results. As for the radion potential, in this work, we
have assumed it be a vanishing one. It is easy to see that the qualitative features of our result remain unaltered as long as the
potential is nearly flat for a sufficiently long period (the inflationary phase). This holds true even if this flat regime is followed by
a (sharp) minimum, a feature that both the Goldberger-Wise [26] mechanism and its Cline-Firouzjahi variant [27] share. Indeed,
the presence of such a minimum is to be welcomed as it provides for a dynamical stabilization of the equilibrium value φ0 (and
hence GN ). More importantly, in the current context, such a stabilization procedure automatically leads to a (moderate) mass
for the radion field, thereby preventing it from mediating any long-range force (even if quantum fluctuations are included).
Finally, as mentioned in the previous section, the metric on the positive tension brane is related to the metric on the negative
tension brane by a conformal transformation. We have seen that the generalised BD equations of motion on the negative tension
brane have a solution which leads to inflation on that brane. It is worthwhile to ask what happens on the positive tension brane?
Using the conformal transformations (II.7) it is easy to see that the spacetime on the positive tension brane is flat. Hence although
the negative tension brane is inflating, the spacetime on the positive tension brane remains flat.
IV. SUMMARY
To conclude, we exhibit that a five-dimensional world with a warped geometry (a time-dependent analog of the Randall-
Sundrum metric ansatz), supports an inflationary evolution on the brane with the desirable property of a graceful exit mechanism.
The key ingredient is the radion field whose coupling to the gravity on the negative tension brane is as that of a scalar field in
scalar tensor gravity. By a field transformation, we have recast the action in a Brans-Dicke-like form. The advantage of our
approach over canonical models of inflation is that we do not need to introduce a new superheavy scalar (the inflaton). Rather,
the radion itself drives inflation. Even more interestingly, the radion evolution exits the inflationary phase into the FRW era in a
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completely natural way, thus providing for a graceful exit. We believe that the main features of our scenario are robust and not
overly sensitive to the details of the stabilizing potential.
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